Abstract. It is shown how a continuous wavelet technique may be used to locate and characterize homogeneous point sources from the eld they generate measured in a distant hyperplane. For this a class of wavelets is introduced on which the Poisson semi-group essentially acts as a dilation.
Introduction
Consider a point source located at the origin, and assume now that you can measure the eld it generates in a distant hyperplane. The problem is to recover the properties (type, strength, location, orientation,...) of the source from this measurement. A naive approach might be to use a deconvolution technique. However, because of the nite accuracy of measurements, this method cannot be really used in practice. The approach we propose is based on the continuous wavelet transform. Since this is a family of convolutions with well-localized functions, we shall not encounter the instabilities of deconvolutions. This kind of technique might have applications in remote sensing of sources. Obvious examples are subsurface imaging in geophysics from potential eld measurements on the Earth's surface. Also, in medicine where stationary temperature elds obey the Poisson equation, applications to infrared thermography are in sight.
In the present study, we limit our discussion to homogeneous point sources. These constitute a natural family to represent local heterogeneities. However, we shall limit ourselves to the single source problem and leave the discussion of the multisource situation to a subsequent paper.
The main results of this paper can be summarized as follows. As is wellknown in the case of signal analysis, the continuous wavelet transform allows detection and characterization of homogeneous singularities 7] . Indeed, the lines of constant phase or maxima or zero-crossings,... in the parameter half-space of the wavelet coe cients converge towards the point on the borderline where the singularity is located ( gure 1). Now suppose this singularity is the source of a potential eld measured in a hyperplane at a distance z. In this paper we show that there are wavelets such that the wavelet coe cients of this remote eld also exhibit lines of constant phase or maxima or zero-crossings,... that converge, but now to a point located at a distance z outside the parameter half-space ( gure 1).
2. Wavelet analysis: the basic formulas 2.1. Wavelet transform and wavelet synthesis In this section the basic formulas of wavelet analysis are summarized for the convenience of the reader (see 8] , 2] for general theory on the continuous wavelet transform). For the sake of generality we work in n dimensions and state the results on a formal level.
Let s and g be complex valued functions over R n . The wavelet transform of s with respect to the analyzing wavelet g is de ned through 6] 
where e g(x) = g(?x) and dx is the n-dimensional Lebesgue measure. Here b 2 R n is a position parameter and a 2 R + is a scale parameter. The wavelet transform of a function over R n is thus a function over the position-scale halfspace H n+1 = R n R + . The rst formula expresses the wavelet transform in terms of a correlation function whereas the second is a convolution. If the wavelet is symmetric and real valued, e g = g and both notions coincide. By introducing the dilation (D a ) and translation operators (T b ) whose actions are respectively de ned by D a s(x) a ?n s(x=a) (3) T b s(x) s(x ? b); (4) the wavelet transform may be written either as a family of scalar products or as a family of convolutions indexed by the scale parameter a:
(5) = (D a e g s)(b): (6) Here the convolution product is de ned as usual, (e g s)(x) Z R n dye g(x ? y)s(y) = (s e g)(x): (7) In the Fourier space the wavelet transform reads
where the independent variable u is dual of either x or b and the direct and inverse Fourier transforms are respectively de ned by
The wavelet synthesis M maps functions r(b; a) over H n+1 to functions over i)
where s is a function in R n that we suppose bounded and in L 
As the remaining analysis will show this semi-group structure is the basic algebraic requirement and our analysis applies to the heat semi-group as well. Owing to both equation (6) (6) and (29)]. For later reference we note that relation (28) 
However, to simplify the notation, we shall not use this cumbersome formula and convolutions of distributions with the Poisson kernel always suppose this limit. can be extended to a homogeneous distribution in R m of the same degree. Moreover, this extension is unique in the class of homogeneous distributions. In the remaining case, m ? 2 N, the things are a little more complicated since not always does a homogeneous extension exist. Clearly an extension exists by the Hahn-Banach theorem, however the extension need not be homogeneous any more. However, there always exists an extension that is quasi-homogeneous in the sense that there is some distribution such that ( ) = ( ) + ( ) log ; = m ( ) ; > 0 (q) = ? (q); q 2 R n+1 ;
(42) where the (generalized) function is a source term and this equation is to be understood in the sense of distributions. We work from now on in n dimensions because the n + 1'th direction will play a privileged role and we shall write q = (x; z), with x 2 R n ; z 2 R. Clearly, in application in geophysics we have n = 2, the two horizontal dimensions. The third dimension is the vertical direction. As it stands the solution in terms of is not unique. However, the tempered solutions to the homogeneous equation are the harmonic polynomials, and thus is essentially determined by , up to some polynomial. In addition, for physical reasons, we add the following requirements on the growth behavior at in nity. We suppose that as q ! 1 j (q)j ( c log jqj for n = 1 c for n > 1 :
Then the solution is actually unique up to a global constant. We are particularly interested in homogeneous sources of the type discussed in the previous section. Suppose now that is a homogeneous distribution of degree in R n+1 . Consider rst the case where = 2 N. We claim that there is a unique distribution which is homogeneous of degree + 2, and satis es (42). 
Until now we have discussed general homogeneous sources. However, for obvious physical reasons, we have to require that is supported by a subset of the lower half-space z 0. As an additional property we may introduce the boundary distribution of the eld in the hyperplane z = 0. More precisely the following limit exists in the sense of distributions 
4. Wavelet analysis of homogeneous elds.
Wavelets based on the Poisson semi-group
We now introduce a class of wavelets that behave nicely under the Poisson semigroup. This will be necessary to analyze homogeneous potential elds and will be used in the next section. More precisely, we say that a wavelet g satis es the dilation-continuation condition if the following holds true D a g D a 0 p = cD a 00 g: (48) Here c = c(a; a 0 ) and a 00 = a 00 (a; a 0 ) are functions of the scales a and a 0 . This means that the continuation operator maps the dilated wavelet D a g into a wavelet at the same position but at scale a 00 and amplitude c. In this section we will discuss some properties of wavelets that satisfy the dilation-continuation property. In particular we want to construct a large family of solutions of (48).
First note that an immediate solution is given by the Poisson kernel itself. 
a di erentiation with respect to a shows that (x@ x ) g is again solution of (56) with the same function c. Therefore, a general family of solutions is given by P (x@ x ) Lp; (57) where P is a polynomial in one variable and L is the operator (52). (66) Note that the set of points (b; a) which satisfy b= (z + a) = cst are located on the straight line in the half-space. For various constants cst, we obtain a family of lines that intersect at the point (0; ?z) outside the half-space H n+1 . Therefore, the wavelet transform exhibits a cone-like structure where the top of the cone is shifted to the location of the source outside the half-space. This provides a natural geometric way to locate the source. The homogeneity of the source, can be obtained either from the full expression of f (a) using the formerly estimated z or from the asymptotic behavior f (a) ' a ? ?2 in the limit a ! 1.
Wavelet analysis of homogeneous elds
It might be instructive to give a second derivation of these results using only the homogeneity of the eld and not using the boundary eld ( ; 0 
Here the dilation is acting on the rst n variables only. Now, the harmonic extension relation (28) enables us to obtain ( ; za 0 =a) from ( ; z): 
12 As before, assume that the wavelet g has the dilation-continuation property (48 In order to recover from this expression the geometry of the shifted conelike structure in the wavelet transform, consider two points = (b; a) and 00 = (b (a 00 + z) = (a + z) ; a 00 ). The straight line they de ne passes through the location of the source (0; ?z). From (73), we see that the ratio of the wavelet coe cients at these points can be written as
f (a 00 ) :
Examples of source characterization
We shall now examine how the wavelet transform enables both a localization and a characterization of homogeneous sources responsible for an observed eld. For an easy display of the results, we work in a 2-dimensional physical space (i.e. with n = 1). Equation (73) A two-step algorithm can be used to estimate both the homogeneity index and the depth z to the source from the measurement plane (here, z = 20). First, the depth is geometrically determined by using equation (74) and is given by the location outside H 2 where the lines of extrema of the wavelet transform cross (see the lower-left corner of gures 2, 3, and 4). Remark that the convergence of the lines of extrema of the wavelet transforms also gives a determination of the horizontal position of the source which creates the analyzed eld. Once z is known, the exponent is computed by examining the variation of the amplitude of the wavelet transform along a given line of extrema (see the lower-right corner of gures 2, 3, and 4). This procedure accurately (i.e. up to the numerical precision of the computer) restitutes the theoretical values of and z.
Conclusion
We have shown that the wavelet transform of the potential eld generated by a homogeneous source and measured in a hyperplane possesses truncated cone-like structures pointing towards the location of the source. In addition, the variation of the wavelet coe cients over the scales re ect the degree of homogeneity of the source. This simple geometric interpretation allows an easy localization and characterization of point sources. At the basis of this result is the construction of wavelets that behave nicely under the harmonic continuation. As we have shown, a large family of such wavelets exists. 
